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GAUSS-MANIN CONNECTION AND t-ADIC GEOMETRY
JOHANNES NICAISE
1. Introduction
Let k be a field of characteristic zero, denote by R the ring k[[t]] of formal power
series over k, and by K the field k((t)) of Laurent series over k. The aim of this
note is to show that the de Rham cohomology of any separated and smooth rigid
K-variety X carries a natural formal meromorphic connection ∂X , which we call
the Gauss-Manin connection.
It relates to the classical Gauss-Manin connection in the following way. Let S
be a smooth k-curve, 0 a point of S(k), and t a local parameter on S at 0. We put
So = S − {0}. The choice of t defines a morphism of k-schemes η̂ : SpecK → So.
Let f : Y → So be a proper and smooth morphism, and put X = Y ×So η̂. If
we denote by ∇ the classical Gauss-Manin connection on Rif∗(Ω
•
Y/So), then the
covariant derivative ∂t = ∇∂
∂t
induces a formal meromorphic connection on the de
Rham cohomology space HidR(X/K) for each i ≥ 0. We showed that the natural
GAGA isomorphism HidR(X/K)
∼= HidR(X
an/K) commutes with the connections
∂t and ∂Xan (Theorem 3.1).
In the local case, we conjecture that a similar comparison result holds. Let
f : Cn+1 → C be a complex analytic map with an isolated singularity at x ∈ f−1(0)
and denote by Fx the analytic Milnor fiber of f at x. Our conjecture compares the
formal meromorphic connection (H∗dR(Fx), ∂Fx) to the Gauss-Manin connection on
the relative de Rham cohomology of the Milnor fibration of f at x. See Conjecture
4.4 for a precise statement.
This note merely serves as an announcement of the principal results. Detailed
proofs will appear in a forthcoming paper.
Notation. Throughout this article, we denote by k a field of characteristic zero,
and we put R = k[[t]] and K = k((t)). We endow R with its t-adic topology, and
we fix a t-adic absolute value | · | on K (determined by the choice of |t| ∈ ]0, 1[ ).
To simplify arguments, all rigid K-varieties will be assumed to be separated. If
X is a separated smooth rigid K-variety, we denote by H∗dR(X/K) its “na¨ıve” de
Rham cohomology, i.e. the hypercohomology of the de Rham complex Ω•X/K . In
the cases of most importance to us, X will be partially proper so that na¨ıve de
Rham cohomology coincides with overconvergent de Rham cohomology [8, 1.8(b)].
If X is a smooth algebraic K-variety, we also denote its de Rham cohomology by
H∗dR(X/K).
Let X be a separated Noetherian adic formal scheme, endowed with a morphism
X→ Spf R. We denote by X0 the reduction of X, i.e. the closed subscheme defined
by the largest ideal of definition. This is a separated reduced k-scheme. We say
that X is a special formal R-scheme if X0 is of finite type over k, and that X is stft
if X is topologically of finite type over R. Any stft formal R-scheme is special.
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We denote by (SpF/R) the category of special formal R-schemes, by
(·)η : (SpF/R)→ (Rig/K) : X 7→ Xη
the generic fiber functor to the category (Rig/K) of separated rigid K-varieties,
and by spX : Xη → X the natural morphism of ringed sites [2, 0.2.6]. We say that
X is generically smooth if Xη is a smooth rigid K-variety.
For any special formal R-scheme X, we consider the natural functor
(·)rig = (spX)
∗ : (ModX)→ (ModXη)
from the category of OX-modules to the category of OXη -modules. This functor is
exact and takes coherent OX-modules to coherent OXη -modules. It is left adjoint
to the direct image functor
(spX)∗ : (ModXη )→ (ModX)
Since Xη is quasi-Stein if X is affine [13, 2.4], Kiehl’s Theorem B [11, 2.4] implies that
the restriction of (spX)∗ to the category of coherent OXη -modules is exact for any
special formal R-scheme X. If h : Y→ X is a morphism of special formal R-schemes
and M is a OX-module, there is a canonical isomorphism (h
∗M)rig ∼= (hη)
∗Mrig
since h ◦ spY = spX ◦ hη.
We denote by
(·)h : (sft/C)→ (An/C) : X 7→ Xh
the GAGA functor from the category of separated C-schemes of finite type to the
category of complex analytic spaces, and by
(·)an : (sft/K)→ (Rig/K) : X 7→ Xan
the GAGA functor from the category of separated K-schemes of finite type to the
category of separated rigid K-varieties.
If A is any ring and M• is a complex of A-modules, then we denote by Hi(M•)
the i-th cohomology space of M•, for each i ∈ Z.
2. The Gauss-Manin connection of a smooth rigid K-variety
2.1. Differentials over the residue field. Let X be a separated smooth rigid
variety over K. We will define, for each i ≥ 0, a coherent OX -module Ω
i
X/k of
differential i-forms over k, and a de Rham complex (Ω•X/k, d).
First, consider the case where X is quasi-compact, and choose a stft formal
R-model X for X , i.e. a stft formal R-scheme X endowed with an isomorphism
Xη ∼= X . Since X is of pseudo-finite type over k in the terminology of [1], we have
coherent OX-modules Ω
i
X/k of continuous differential i-forms over k, which fit into
a de Rham complex (Ω•X/k, d). We put Ω
i
X/k = (Ω
i
X/k)rig for each i ≥ 0. This
definition is independent of the chosen model, by the fact that any pair of formal
models can be dominated by a third [3, 4.1], and by the following lemma.
Lemma 2.1. If h : Z → Y is a morphism of generically smooth special formal
R-schemes, and hη is e´tale, then the natural map
h∗η((Ω
i
Y/k)rig)
∼= (h∗ΩiY/k)rig → (Ω
i
Z/k)rig
is an isomorphism.
Proof. This follows from [13, 7.18-19]. 
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Combined with [3, 4.1], Lemma 2.1 also implies that for each i ≥ 0 and any
quasi-compact open subvariety U of X , the restriction of ΩiX/k to U is canonically
isomorphic to ΩiU/k. Note that for each i ≥ 0 there is a canonical isomorphism
(2.1) ΩiX/k
∼=
i∧
OX
Ω1X/k
Now we define differentials d : ΩiX/k → Ω
i+1
X/k. Let X be a stft formal R-model
of X and consider the sheaves
(spX)∗Ω
i
X/k
∼= ΩiX/k ⊗R K
for i ≥ 0. Applying the Leibniz rule one sees that there exists a unique k-derivation
dX : (spX)∗OX → (spX)∗Ω
1
X/k such that the natural diagram
OX −−−−→ (spX)∗OX
d
y
ydX
Ω1X/k −−−−→ (spX)∗Ω
1
X/k
commutes. If h : Y → X is a morphism of stft formal R-schemes such that hη is
an isomorphism, then it is easily seen that the natural isomorphisms (spX)∗Ω
i
X/k
∼=
h∗(spY)∗Ω
i
X/k (i = 1, 2) commute with the differentials dX and h∗dY. By [3,
4.4] and the fact that the categories of sheaves w.r.t. the weak, resp. strong G-
topology on X are equivalent, we can conclude that there exists a unique map of
sheaves d : OX/k → Ω
1
X/k such that for any stft formal R-model X of X we have
(spX)∗(d) = dX. The map d is again a k-derivation.
Using the natural isomorphisms in (2.1), we obtain a de Rham complex (Ω•X/k, d)
for each quasi-compact separated smooth rigid K-variety X . If X is a separated
smooth rigid K-variety, we take an admissible cover of X by quasi-compact open
subsets. If W ⊂ V are quasi-compact open subsets of X , then it is clear from
our constructions that the de Rham complex (Ω•W/k, d) is the restriction to W of
the de Rham complex (Ω•V/k, d). Therefore, we can glue our local constructions to
coherent OX -modules Ω
i
X/k which fit into a de Rham complex (Ω
•
X/k, d).
Lemma 2.2. If X is a generically smooth special formal R-scheme, then there is
a canonical isomorphism
ΩiXη/k
∼= (ΩiX/k)rig
for each i ≥ 0, and the natural maps
ΩiX/k → (spX)∗Ω
i
Xη/k
commute with the differentials d and (spX)∗d.
Proof. Let I be the largest ideal of definition on X. For each n > 0, we denote by
π(n) : X(n) → X the dilatation with center (In, t) (see [13, 2.20]). Then X(n) is
a stft formal R-scheme, the morphism π(n)η : X(n)η → Xη is an open immersion,
and the morphisms π(n)η form an admissible cover of Xη by [13, 2.25]. Moreover,
for any coherent OX-module M , the restriction of Mrig to X(n)η is canonically
isomorphic to (π(n)∗M)rig. Now the statement follows immediately from Lemma
2.1 and the definition of the complex (Ω•Xη/k, d). 
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Lemma 2.3. If h : Y → X is an e´tale morphism of separated smooth rigid K-
varieties, then there exist natural isomorphisms
h∗ΩiX/k → Ω
i
Y/k
for i ≥ 0.
Proof. We may assume that Y andX are quasi-compact; then the statement follows
immediately from Lemma 2.1. 
Let X be a separated smooth rigid K-variety, and consider the section dt in
Ω1X/k(X).
Lemma 2.4. The wedge product dt ∧ (·) induces an exact sequence of complexes
Ω•X/k[−1]
dt∧(·)
−−−−→ Ω•X/k −−−−→ Ω
•
X/K −−−−→ 0
Proof. We may assume that X has a stft formal R-model X. Consider the exact
sequence of complexes
Ω•X/k[−1]
dt∧(·)
−−−−→ Ω•X/k −−−−→ Ω
•
X/R −−−−→ 0
Applying the exact functor (·)rig, we see that
Ω•X/k[−1]
dt∧(·)
−−−−→ Ω•X/k −−−−→ Ω
•
X/K −−−−→ 0
is exact for each value of •, and it is easy to see that these are maps of complexes
w.r.t. the differentials d. 
Remark. The assumption that X is smooth was only used in the application of
[13, 7.18-19] in the proof of Lemma 2.1, and can be omitted. In fact, a more natural
and elementary way to define the de Rham complex (Ω•X/k, d) is the following: if A
is an affinoid K-algebra, then we define d : A → Ω̂1A/k as the universal continuous
k-derivation of A into a topological A-module, and Ω1SpA/k as the coherent sheaf
associated to the finite A-module Ω̂1A/k (finiteness follows from the fact that, if A is
the Tate algebraK{x1, . . . , xn}, Ω̂
1
A/k is a free A-module with basis dt, dx1, . . . , dxn
since k(t)[x1, . . . , xn] is dense in A).
One checks that this definition behaves well w.r.t. open immersions of K-affinoid
varieties, so that we can define d : OX → Ω
1
X/k for any rigid K-variety X . We put
ΩiX/k =
∧iΩ1X/k. Then one can prove Lemmas 2.2, 2.3 and 2.4 without smoothness
assumptions. If X is smooth over K of pure dimension d, then Ω1X/k is locally free
of rank d+ 1. 
2.2. The Gauss-Manin connection.
Definition 2.5. A formal meromorphic connection over K is a K-vector space
MK, endowed with a k-linear map
∂ :MK →MK
satisfying the Leibniz rule
∂(f ·m) =
∂f
∂t
·m+ f · ∂(m)
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for each f in K and m in MK , where
∂f
∂t is the usual derivative of the Laurent
series f w.r.t. the variable t.
We say that the formal meromorphic connection ∂ : MK → MK is regular, if
MK has finite dimension over K and if there exists an R-lattice M in MK such
that t∂(M) ⊂M . Such a lattice is called saturated.
Let X be a separated smooth rigid variety over K. By [13, 7.19], we can extend
the exact sequence in Lemma 2.4 to an exact sequence of complexes
Ω•X/k[−2]
dt∧(·)
−−−−→ Ω•X/k[−1]
dt∧(·)
−−−−→ Ω•X/k −−−−→ Ω
•
X/K −−−−→ 0
and we obtain a natural short exact sequence
0 −−−−→ Ω•X/K [−1]
dt∧(·)
−−−−→ Ω•X/k −−−−→ Ω
•
X/K −−−−→ 0
Taking hypercohomology yields a long exact sequence
. . . −→ Hi−1dR (X/K)
dt∧(·)
−−−−→ Hi(X,Ω•X/k) −→ H
i
dR(X/K)
∂X−−→ HidR(X/K) −→ . . .
Definition 2.6 (Gauss-Manin connection). We call the connecting homomorphism
∂X : H
i
dR(X/K)→ H
i
dR(X/K)
the Gauss-Manin connection associated to the separated smooth rigid K-variety X.
Lemma 2.7. The pair (HidR(X/K), ∂X) is a formal meromorphic connection over
K, for any separated smooth rigid K-variety X and any integer i ≥ 0.
Proof. If X is quasi-Stein, then by Kiehl’s Theorem B [11, 2.4], HidR(X/K) (resp.
HidR(X/k)) is simply H
i(Ω•X/K(X)) (resp. H
i(Ω•X/k(X))), and the sequence
0 −−−−→ Ω•X/K(X)[−1]
dt∧(·)
−−−−→ Ω•X/k(X) −−−−→ Ω
•
X/K(X) −−−−→ 0
is exact.
Therefore, for any closed i-form ω in ΩiX/K(X), the image of [ω] ∈ H
i
dR(X/K)
under ∂X can be computed as follows: choose an element ω
′ in ΩiX/k(X) mapping
to ω. Then dω′ maps to zero in Ωi+1X/K(X), so there exists an element α in Ω
i
X/K(X)
with dω′ = dt ∧ α, and ∂X([ω]) = [α]. It is clear that
∂X(f [ω]) =
∂f
∂t
[ω] + f∂X([ω])
for each f in K.
The general case follows by using Cˇech cohomology w.r.t. an admissible cover
by affinoid domains. 
Proposition 2.8. If h : Y → X is a morphism of separated smooth rigid K-
varieties, then the square
HidR(X/K)
∂X−−−−→ HidR(X/K)
h∗
y
yh∗
HidR(Y/K)
∂Y−−−−→ HidR(Y/K)
commutes for each i ≥ 0.
Proof. This is clear from the definition. 
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Theorem 2.9. If X is a proper and smooth rigid K-variety, then for each i ≥ 0,
the pair (HidR(X/K), ∂X) is a regular formal meromorphic connection.
The proof will appear in a forthcoming article. It uses a standard argument
involving complexes of logarithmic differential forms.
3. Comparison with the algebraic setting
Let S be a smooth k-curve, let 0 be a point in S(k), and fix a local parameter
t on S at 0. Without loss of generality, we assume that t is defined on S. We put
So = S − {0}. The parameter t defines a morphism of k-schemes η̂ : SpecK → So.
Let f : Y → So be a smooth and proper morphism, and put X = Y ×So η̂. We
denote, for each i ≥ 0, by
∇∂
∂t
: Rif∗(Ω
•
Y/So)→ R
if∗(Ω
•
Y/So)
the covariant derivative w.r.t. ∂∂t of the algebraic Gauss-Manin connection ∇ as-
sociated to f [10]. Recall that, if k = C, the complex analytic connection induced
by ∇ is the natural connection associated to the local subsystem Rifh∗ (CY h) of the
locally free O(So)h -module R
ifh∗ (Ω
•
Y h/(So)h).
By the base change property for relative de Rham cohomology, we get canonical
isomorphisms
η̂∗Rifo∗ (Ω
•
Y/So)
∼= HidR(X/K)
Applying the Leibniz rule, we see that there exists a unique formal meromorphic
connection ∂t on H
i
dR(X/K) such that the square
Rif∗(Ω
•
Y/So)(U)
∇∂
∂t−−−−→ Rif∗(Ω
•
Y/So)(U)y
y
HidR(X/K)
∂t−−−−→ HidR(X/K)
commutes for every open subscheme U of So.
Theorem 3.1 (Comparison theorem: proper case). The natural GAGA isomor-
phism HidR(X/K)→ H
i
dR(X
an/K) commutes with ∂t and ∂Xan .
We only give a brief sketch of the proof; details will appear in a forthcoming
article. The main difficulty is interpreting the cohomology of the complex Ω•Xan/k
in terms of algebraic geometry. We choose a compactification g : Z → S of f over S
such that Z is smooth over k and Zs = Z ×S 0 has strict normal crossings. Denote
by Z the t-adic completion of g. Its generic fiber Zη is canonically isomorphic to
Xan.
Since (spZ)∗ is exact on coherent OZη -modules, Leray’s spectral sequence yields
isomorphisms
Hi(Xan,Ω•Xan/k)
∼= Hi(Z, (spZ)∗Ω
•
Xan/k)
One defines a logarithmic subcomplex Ω•Z/k(logZs) of (spZ)∗Ω
•
Xan/k in the usual
way, and one shows that the inclusion morphism
Ω•Z/k(logZs)→ (spZ)∗Ω
•
Xan/k
is a quasi-isomorphism. Then one applies the GFGA comparison theorem [9, 4.1.5].
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4. Comparison with the complex analytic setting: the Milnor
fibration
In this section, we suppose that k = C. Let f : Cn+1 → C be a complex analytic
map, for some integer n > 0, and assume that f has an isolated singularity at
x ∈ f−1(0). We fix a complex coordinate t on C. Taking the formal completion of
f at x, we get a generically smooth special formal R-scheme
f̂ : X = Spf ÔCn+1,x → Spf R
We call its generic fiber Xη the analytic Milnor fiber of f at x (see [15] [16]), and
denote it by Fx. It is a complete invariant of the formal germ of f at x [13, 8.5].
Note that, since X is affine, we have
Rif̂∗(Ω
•
X/R) = H
i(Ω•X/R(X))
for each i ≥ 0.
Let B = B(x, ε) ⊂ Cn+1 be the open ball around x with radius ε, and let
D = B(0, η) ⊂ C be the open disc around 0 with radius η. We denote by Do the
punctured disc D − {0}. If 0 < η ≪ ε≪ 1, then the induced map
fo : Xo = B ∩ f−1(Do)→ Do
is a locally trivial fibration; this is the so-called Milnor fibration of f at x. We put
X ′ = B ∩ f−1(D) and denote by f ′ : X ′ → D the restriction of f .
We consider the universal covering
D˜o = {z ∈ C | ℑ(z) > −
log η
2π
} → Do : z 7→ exp(2πiz)
The universal fiber Fx := X
o ×Do D˜o of f
o is called the Milnor fiber of f at x.
The group π1(D
o) = Z of covering transformations acts on the singular cohomology
spaces Hi(Fx,Z). The action of the canonical generator z 7→ z + 1 is called the
monodromy transformation.
For each i ≥ 0, the sheaf Ri(fo)∗(CXo) is a local system on D
o. It corresponds
to the monodromy representation π1(D
o) → AutC(H
i(Fx,C)). It vanishes for
i /∈ {0, n}, and its fiber is a complex vector space of dimension µ (resp. 1) for i = n
(resp. i = 0), where µ is the Milnor number of f at x. Since
Ri(fo)∗(Ω
•
Xo/Do)
∼= Ri(fo)∗(CXo)⊗CDo ODo
for i ≥ 0, the local system Ri(fo)∗(CXo) defines an integrable connection ∇ on
the relative de Rham cohomology sheaf Ri(fo)∗(Ω
•
Xo/Do), called the Gauss-Manin
connection [5, 2.29].
Brieskorn [4, Prop. 1.6+Satz 1] proved thatRif ′∗(Ω
•
X′/D) is a coherentOD-module
for i ≥ 0, whose stalk Hif,x := (R
if ′∗(Ω
•
X′/D))0 at 0 is canonically isomorphic to
the i-th cohomology space Hi(Ω•X′/D,x) of the localized relative de Rham complex
of f at x. Sebastiani [17, Cor. 1] proved that Hnf,x has no t-torsion; hence, it is a
free OD,0-module of rank µ. As explained in [12, 3.5.1], the presence of a connec-
tion on Hif,x for 0 ≤ i < n implies that it is a free OD,0-module, so it vanishes
for 0 < i < n. We denote by Ĥif,x the t-adic completion of H
i
f,x. The following
proposition is proven as in [4, 3.2].
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Proposition 4.1. For each i ≥ 0, there exists a canonical isomorphism of R-
modules
Ĥif,x
∼= Rif̂∗(Ω
•
X/R)
In particular, the right hand side is a free R-module of rank µ (resp. 1) for i = n
(resp. i = 0), and vanishes for i /∈ {0, n}.
All proofs of the coherence of Ĥif,x known to me use either an embedding in a
proper family or the theory of nuclear Fre´chet algebras (Kiehl-Verdier Theorem); it
would be more satisfactory to find a purely algebraic proof in terms of the R-algebra
ÔX,x.
We can endow Ĥif,x ⊗R K with a formal meromorphic connection ∂t as follows.
For i = 0, Ĥ0f,x is canonically isomorphic to R, and we endow Ĥ
0
f,x⊗RK = K with
the trivial connection ∂t(f) = ∂f/∂t. Now let us consider the remaing case i = n.
Since Ωn+1
Fx/K
= 0, the results in Section 2 show that the wedge product dt ∧ (·)
induces an isomorphism of coherent OFx -modules
dt∧ : Ωn
Fx/K
→ Ωn+1
Fx/C
= (Ωn+1
X/C)rig
The inverse image of an element ω ∈ Ωn+1
Fx/C
(Fx) w.r.t. the isomorphism dt∧ is
denoted by ω/dt ∈ Ωn
Fx/K
(Fx). By analogy with the complex analytic setting, we
call ω/dt the Gelfand-Leray form associated to ω. We’ve noted in [13, 2.8] that the
natural maps ΩnX/R(X) ⊗R K → Ω
n
Fx/K
(Fx) and Ω
n+1
X/C(X) ⊗R K → Ω
n+1
Fx/C
(Fx)
are injections, and by [13, 7.20], dt∧ restricts to an isomorphism of (ÔX,x ⊗R K)-
modules
dt∧ : ΩnX/R(X)⊗R K → Ω
n+1
X/C(X)⊗R K
Now let a be an element of Ĥnf,x, and choose a representant α of a in Ω
n
X/C(X). It
is easily seen that the class of dα/dt in Ĥnf,x ⊗R K only depends on a. The map
∂t : Ĥ
n
f,x → Ĥ
n
f,x ⊗R K : a 7→ dα/dt
satisfies the Leibniz rule, and hence extends uniquely to a formal meromorphic
connection ∂t on Ĥ
n
f,x ⊗R K.
We’ll now show how ∂t relates to the Gauss-Manin connection∇ onR
ifo∗ (Ω
•
Xo/So).
We put R = OC,0 and we denote by K its quotient field. If V is a vector space
over K , the notions of (regular) meromorphic connection and saturated lattice are
defined similarily as in Definition 2.5. We put
K = lim
−→
E
OC(E − {0})
where E runs through a fundamental system of open neighbourhoods of 0 in C.
For each i ≥ 0, there is a canonical isomorphism
Hif,x ⊗R K
∼= lim
−→
E
Rifo∗ (Ω
•
Xo/So)(E − {0})
and by passing to the limit, the covariant derivative ∇∂
∂t
defines a C-linear endo-
morphism ∂t of H
i
f,x ⊗R K.
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Theorem 4.2. For i = 0 and i = n, there exists a unique meromorphic connection
∂˜t on H
i
f,x ⊗R K such that the natural maps of K -vector spaces
Hif,x ⊗R K → Ĥ
i
f,x ⊗R K
Hif,x ⊗R K → H
i
f,x ⊗R K
commute with ∂˜t, ∂t and ∂t. The connections ∂˜t and ∂t are regular.
Proof. Uniqueness is clear. Existence for i = 0 follows from the isomorphism
R0fo∗ (CXo)
∼= CDo : we have H
i
f,x = R, and ∂˜t is the trivial meromorphic con-
nection on K . The case i = n follows from Brieskorn’s result [4, Satz 1]: the
meromorphic connection ∂˜t is the one constructed there. It is well-known that ∂˜t
is regular [12, I.8.3]. If M is a saturated lattice for ∂˜t, then M ⊗R R is a saturated
lattice for ∂t, so ∂t is regular as well. 
In the light of the motivic monodromy conjecture [6, §2.4], it is highly intriguing
that the local motivic zeta function of f at x can be expressed in terms of certain
motivic integrals of the Gelfand-Leray form ω/dt, where ω is an arbitrary gauge
form on X over C (see [13, 9.7]).
It follows from Berthelot’s construction [2, 0.2.6] that Fx is a partially proper
quasi-Stein space, soHidR(Fx/K) coincides with the overconvergent de Rham coho-
mology from [8] and is simply given by Hi(Ω•
Fx/K
(Fx)), by [8, 1.8(b)] and Kiehl’s
Theorem B [11, 2.4]. The arguments in [7] can be used to show that HidR(Fx/K)
has finite dimension for each i ≥ 0. The natural map of complexes
Ω•X/R(X)→ Ω
•
Fx/K
(Fx)
induces a natural map of K-vector spaces
γi : Ĥ
i
f,x ⊗R K → H
i
dR(Fx/K)
for each i ≥ 0.
Proposition 4.3. The natural map
γ0 : Ĥ
0
f,x ⊗R K → H
0
dR(Fx/K)
is an isomorphism, and H0dR(Fx/K) = K. Moreover, the natural diagram
Ĥif,x ⊗R K
γi
−−−−→ HidR(Fx/K)
∂t
y ∂Fx
y
Ĥif,x ⊗R K
γi
−−−−→ HidR(Fx/K)
commutes for i = 0 and i = n.
Proof. To show that γ0 is an isomorphism, it suffices to show that Fx is geometri-
cally connected. This follows from the equality of the ℓ-adic Betti numbers of Fx
and the Betti numbers of Fx [16, 9.2]. Since Fx is quasi-Stein, the proof of Lemma
2.7 shows that the above diagram commutes for i = 0, n. 
Conjecture 4.4. The natural map
Ĥif,x ⊗R K → H
i
dR(Fx/K)
is an isomorphism for each i ≥ 0. In particular, the right hand side vanishes unless
i = 0 or i = n, and has dimension µ (resp. 1) for i = n (resp. i = 0).
10 JOHANNES NICAISE
This conjecture roughly states that the de Rham cohomology of Fx can be com-
puted using only differential forms on Fx which are meromorphic along the special
fiber of X. Let us give some motivation for the conjecture. Heuristically, it fits
with similar results in complex GAGA (computation of de Rham cohomology using
meromorphic or logarithmic forms), which also appear in the proof of Theorem 3.1
(note, however, that the isomorphism
Rig∗(Ω
•
Y/R)⊗R K
∼= HidR(Yη/K)
is easy to prove when g : Y→ Spf R is stft, using exactness of (spY)∗ on coherent
OYη -modules and the fact that (spY)∗Ω
•
Yη/K
∼= Ω•Y/R ⊗R K).
Moreover, as we showed in [16, 9.2], the i-th e´tale ℓ-adic Betti number of Fx
vanishes for i /∈ {0, n} and equals µ (resp. 1) for i = n (resp. i = 0). More precisely,
there exists for each i ≥ 0 and each prime ℓ an isomorphism
Hi(Fx×̂KK̂a,Qℓ) ∼= H
i(Fx,Qℓ)
which identifies the action of the canonical generator of G(Ka/K) on the left hand
side, with the monodromy transformation on the right hand side (here K̂a denotes
the completion of an algebraic closure of K). Finally, we proved in [14] that the
rational singular cohomology of Fx×̂KK̂a (viewed as a Berkovich space) is iso-
morphic to the weight zero part of Steenbrink’s [18] mixed Hodge structure on the
rational singular cohomology of Fx. In particular, it is concentrated in degree 0
and n.
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